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Problem Feedback vertex Set

undirected graph G cu E

w V Rao

Goal Find a mini weight subset of V whose

removal leaves G acyclic
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Defy
Order the edges of G in some arbitrary order

The characteristic rector of a simple cycle C

is a rector in GFELT m let It has

1 s in components corresponding to edges of



C and O's elsewhere

0 0 0 0 examplelo
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The cycle space of G is the subspace of

GFCzTm that is spanned by the char vectors

of all simple cycles in G

The cyclomatic number of G CycCG is the

dimension of this space

Comps CG is Connected component in 4

thmi.bz Cyc G LEI 14 comps G

Pf off
o

1 Cycle Space is sum of its connected comp

and so is the cyclomatic number

So we only consider a connected G



Goal cycCG El tutti

Let T be a spanning tree in G For

each neon tree edge e define e's fundamental

cycle to be T U Ee

yo
O

o o

these
The sett char vectors of all such

fundamental cycles are linearly independent

So cycCG 2 IE NIH

LEI 14 1

Each edge e in T defines a fundamental cut

S 5

Define characteristic rector of a cut to be

a vector in GF 2J where components corresponding



I p s

to edges in the cut get 7 s O's elsewhere

Consider the 144 vectors defied by edges of T

Each cycle must cross each cut an even

number of times So these vectors are orthogonal
mm

to the cycle space of G

CV of
W of CUT cycle
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additin inverse faff F a strata so
0 I addinie ident

oof F aff ta EF a a aI I 0

These H 1 vectors defied by edses in T There

14 1 vectors are Lin Ind So the dim at

this space is at least IVI l
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Denote by 8GW the decrease in the cyclomasic

number of G on removing
v Since the

removal of a feedback vertex F Vi 4 3 brings

CycCG down to Zero
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Cyc G a f v
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Where
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CYC G E Sc Lv by lemma below

GVEF

6.4 If H is a subgraph of G then

8µW E 8GW

Let's say that the weight function is cyclomatic

if there is a constant e o Sst the wt of

each vertex is c 8gal

by B

c cycCG E C Sgb WCF oPT

VEF
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we'll show that for any Cyclomatic weight function

a minimal feedback vertex set has weight within

twice the optimal

I l n I l

Let degc u denote degree of win G
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Let comps G U Conn Component in G Eu

claim For a connected graph G

Se W clegg u comps G v

Thm Cyc G LEI 14 comps G

Cyc G LEI H t I

Cyc G V Iff deggcu 14 1 t compsCG V

cycCG eye G u

IE vt.Iti tETtdeggCu tfuf t compsCG uJ

deggCv comps G v

Lemmai let it be a subgraph of a III 74719
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Then 8µW Esg v

PINO we only prove it for the connected components

of G h that contain v

we assure G H are connected

TO a

now degulu comps H v E deggcu comps G v

let 4 Cn be components left over by removing

in H

1 Edges of G H that are NOT incident at v

comps H U 2 comps G u

2 Edges of G H that ARE incident at V

These edges may add 1 to comps but its

balanced out by its contribution to degree

deg yw Compsly V E deggcu comps G v
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Lemma If F is a minimal feedback vertex set

of G then

i
2 Salute 2 cycCG
wtf
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Proof
prove it for a connected graph G

Let F Vi Na and let k be the

number of connected components after deleting

F from G

Partition these components into 2 types

1 has edges incident to only 1 vertex in

F

2 has edges incident to 2 or more vertices
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in F

0

Say there are E components of type 1 and

K E components of type 2

we will Show

Salvi IT deggCvil compsCG uij

E2 IEI lul E2cycCb



CycCG let lvltwm.pl

clearly If comps G vi f t t

r
Component

of type1

Induction on f I
Base f

comps G V t th
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degglvi f 2ftEl W1 tf tf

Sahil deggai comp g u

Ftt

E 2 LEI H E 2 cycles

Since f is a FUS these K components are all trees

80 edges in these K components

wtf k

loner band on A edges in the cut F V F

Since F is minimal each Vi EF must be

in Some cycle that contains no other vertex from F

So each Vi must have at least two edges

incident at one of these components



For each ri arbitrarily remove one of these edges

earth of the t components still have at

type1

least ledge in the cut F V F Each of The

K t components still hay at least 2 armoire

type 2

edges in the cut

edges in cut F V F is at least

f t t t 2 K t ft 2k t

2 deggcvi.CZ
E 2flvl f k Cft2r t
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HEI 21472ft f 21kt t
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corollary W V Ryo cyclomatic wt function

F is a minimal EVs Then

W F E 2 OPT

WU c Se Cu

in
dec in cyclomatic by removing

from

Given Graph G Cv E and a ut function W

a
c

III

C v c 8g u largest cyclomatic weight
function in W



W v w v f v residual weight function

w v C 8GW way
w G

Let V be the set of vertices with a positive

resident wt function value

CV

Let G be the subgraph of G induced on v

using operation above decompose G into

nested subgraphs

t.lu Cyc function on Gi

W acyclic
d

Let these graphs be G Go0G Gz 3 Ga

Gi is the induced subgraph on vertex set ve

where V Vo DU DU z J Dum

Let t for I O K I be the cyclomatic

weight function for graph Gi



Wo w the residual weight function for Go

to largest cyclomatic wb function for w

w Wo to

End Wu residual wt function for acyclic Gu

let tEwn

The weight of vertex v is decomposed into

the weights to ti tz

K

Z tik w v
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6.7 Let It be a subgraph of G YE

on vertex set V'CV Let F be a

minimal FNS on H Let F EV V

be a
1



minimal set s.li F UF is a

f VS for G then f UF is a minimal
inn in

Frs for G

Let UEF be some vertex Since F

is minimal there must be
some cycle c that uses

but no other vertex from F

I 1

we know F EV V so F n v 0

So C uses only the vertex V F UF

So f UF is minimal
D

LAYERING



Algorithms
I Decomposition phase

H G w w c o

while H is not acyclic

casings is
Gi H ti c Sq w w to

H subgraph of Gi induced by vertices v s t

w v o

c in

K i Gn H

2 Fi is fUS for GF 0K

for ink 1 extend Fi to a F Us for Fo

by adding a minimal set of vertices

from Vi l Vi

Output Fo



Fo is FK for 40 4

Third factor 2 approx

Prooff Let F be an optimal f VS G G Since Gi

is an indued Subsmph of G f A Vj must be

a FVS for Gi not necessarily
the best Corgi Since the

weights of vertices have been decomposed

optaw Ft 2 ti CF nui 3 OPT

i j o

when OPTi is optimal FUS for Gi

our 91g Fo

w fo ti Fondi tile
nm

we know Fi is a minimal favs for Gi



we know 0 E i E k l t is a Cyd Wb fundron

by lemma 6.5 ti Fi s 2 OPT

Fred

w fo a
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tiCfi E 2 opti 2 IE oPTi

2 OPT
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Tight example
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